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Xham cohomology of a general complex manifold. On a compact ifold, the sequence
legenerates, thereby leading to the Hodge decomposition of the de Rham de Rham cohomology.

Contents Z’ SA J“f Ay o 7 -
Description of the spectral sequence ,4 /, 2 4{ L »

Degeneration
Purely algebraic proof [/Irt —;4/-/ F @"-‘"’

Non-commutative version
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@G Livilliuviduil l..l..l.GU.ll\.;}.

Look at the paper “CODIMENSION ONE FOLIATIONS ON HOMO-
GENEOUS VARIETIES” by VLADIMIRO BENEDETTI, DANIELE
FAENZI, ALAN MUNIZ: Their distributions might be interesting for
our study, for it gives an alternative way of dealing with the cases that
arrise in our setting, that is we rhight be able to avoid metrics.
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Look at the paper “CODIMENSION ONE FOLIATIONS ON HOMO-
GENEOUS VARIETIES” by VLADIMIRO BENEDETTI, DANIELE
FAENZI, ALAN MUNIZ: Their distributions might be interesting for
our study, for it gives an alternative way of dealing with the cases that
arrise in our setting, that is we rhight be able to avoid metrics.
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THE SCALAR ORBIT OF THE
VIRTUAL KAHLER-RICCI FLOW

ALEXANDRU IOSIF

ABSTRACT. We propose the virtual Kahler-Ricci flow as a framework for representing
meromorphic functions.

Let (M. gy) be a Kahler manifold of finite dimension n and let Ricy be its Ricel curvature
tensor. Let P be a polynomual in the variables g(s) and Ric(s) and coeflicients in tl

field M of meromorphic functions in the complex variable s. ——P FD 8~ 227¢
Definition 1. The Virtual Kahler-Ricer Flow Rp.(arg,) of (M. go) is the set

d .
{(M.g(t) :t € C. 212 = P(g(s). Ric(s)). g(0) = go}.

As an interesting case. we reproduce the following result due to Bando.

Theorem 2. Every element of R_spiqe) (M) ¥ @ Kahler manifold.

Proof. If P = —2Ric(s)—. then the virtual Kahler-Ricci Flow is a Kahler-Ricel flow. But
the Kahler condition is preserved under the Kahler-Riccl flow. O

Let (M, g(t)) € Rp.(arg- If glt) 1s a positive definite Hermitian matrix at each point of
M. then Ric(?) 1s the Ricci curvature of g(¢). This motivates the following definition.

Definition 3. The wirtual Ricer curveture 1s Rie(t) and the wirtual scalar curvature o(t)
is trg o Ric(?). The Ricer orbit of (M. go) is Ric(s) and its scalar orbit is a(s).

The following problems are the motivation for the above definitions.

Problem 4. Given a meromorphic function u(s). does there exist a Kahler manifold
(M. go) and a P such that u(s) is the scalar orbit of Rp.(anr g, and for every zero t of u(t)
¢(t) s a real positive defintte, symmetric matrix? If so, then we can associate to each
zero of uls) a flat Kahler mantfold.

Problem 5. Given a Kahler manifold (M, go). find a P, or prove that there s none,
such that (M. g(s)) s Kahler if and only if o(s) =

Remark 6. It would be interesting to restrict this study to polynomials P such that the
virtual Kahler-Ricer Flow has a unique solution. This would make the notion of orbit in
the definition above a nicer object. A natural question that arises is the following: What
is the algebraic structure of the set of polynomials P which lead to a virtual Kahler-Rice
Flow with a unigue solution?

Date: December 14, 2017.
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THE SCALAR ORBIT OF THE
VIRTUAL KAHLER-RICCI FLOW

ALEXANDRU IOSIF

ABSTRACT. We introduce the virtual Kéahler-Ricci flow and pro-
pose it as a conjectural framework for representing meromorphic
functions in one complex variable.

Let (M, go) be a Kéhler manifold of finite dimension and let Ricy be
its Ricci curvature tensor. Let P be a polynomial in the variables g(s)
and Ric(s) and coeflicients in the field M of meromorphic functions in
one complex variable s. We would like to fomally generalize the notion
of Kahler-Ricci flow as follows.

Definition 1. The virtual Kdhler-Ricci flow Rp,(arg,) of (M, go) is

{(M, g(t)) - t € C, % = P(g(s), Ric(s)), 9(0) = go}-

By setting P = —2Ric(s), one obtains the following result due to Bando
(e.g. [1, Section 1.1.3]).

Theorem 2 (Bando). Every element of R_spic(s);(m,g0) 5 @ Kdhler
manifold.

Proof. 1If P = —2Ric(s), then the virtual Kéhler-Ricci Flow is a Kéhler-
Ricci flow. But the Kéahler condition is preserved under the Kahler-
Ricci flow. ]

Let (M, g(t)) € Rp,(m,g)- I g(t) is a positive definite Hermitian matrix
at each point of M, then Ric(t) is the Ricci curvature of g(¢). This
motivates the following generalization.

Definition 3. The virtual Ricci curvature is Ric(t) and the mean vir-
tual scalar curvature o(t) is the mean of tryyRic(t). The Ricci orbit
of (M, go) is Ric(s) and its scalar orbit is o(s).

The following problems are the motivation for the above generaliza-
tions.

Problem 4. Given a meromorphic function u(s), does there exist a
Kahler manifold (M, go) and a polynomial P such that u(s) is the scalar
orbit of Rp, gy and, for every zero t of u(t), g(t) is a real, positive
definite, symmetric matriz?

1



2 ALEXANDRU IOSIF

If the answer to the previous problem were yes, then we could associate
to each zero of pu(s) a (flat) Kédhler manifold.

Problem 5. Given a Kdhler manifold (M, go), find a P, or prove that
there is none, such that (M, g(s)) is Kdhler if and only if o(s) = 0.

It would be interesting to restrict this study to polynomials P such that
the virtual Kahler-Ricci Flow has a unique solution. This would make
the notion of orbit in the definition above a nicer object. A natural
question that arises is the following.

Question 6. What is the algebraic structure of the set of polynomials
P which lead to a virtual Kdhler-Ricci Flow with a unique solution?

Note that a generalization of the Chern-Gauss-Bonnet theorem (or,
more generally, of the Atiyah-Singer Theorem) is needed. It should be
more general in the sense that it should cover the case of degenerated
manifolds (that is, which fail to have a real curvature, or, in particular,
a Hermitian metric).

Look at the paper “CODIMENSION ONE FOLIATIONS ON HOMO-
GENEOUS VARIETIES” by VLADIMIRO BENEDETTI, DANIELE
FAENZI, ALAN MUNIZ: Their distributions might be interesting for
our study, for it gives an alternative way of dealing with the cases that
arrise in our setting, that is we might be able to avoid metrics.
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