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Splitting the infinite sum Simon Plouffe unearthed a rapidly converging
series for zeta(3).
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2.4. The Local {-function; Functional Equation \

In this section f(£) will denote a complex valued function defined on k¥

J(a) its restriction to k*. We let 3 denote the class of all these functions which
satisfy the two conditions: -’

31) f(§), and f(£) continuous, € L,(k*); i.c. f(¢) € B(k*)
32) f0)||’ and f(@)|e]* € Ly(k*) for o > 0. X

A {-function of k will be what one might call a multiplicative quasi-Fourier
transform of a function fe 3. Precisely what we mean is stated in

DEFINITION 2.4.1.  Corresponding to each fe3, we introduce a function
of Yuasi-characters c| defined for all quasi-characters of exponent /

greater than 0 by |
0= [ S, | |

and call such a function a| {-function of k '

T aé¢ na nall fiun Aanasi aharastans annivalant I thale minadland I8 Al e




JUpha

https://www.wolframalpha.com/input?i=zeta%283%29%2Fpi®s5E3

Continued fraction Fewer terms Fraction form
e er et A_

w28(1)3,1 6, 300023, 10,3, 2(1)19,3, 2113, 2, 3, 5, 380 7, ;

(GO 2(1 364, 11(1) 84, 9, 34,1 700 63, 7,29, 4, 05, 4, 700D 5, {‘3;9 . @,;@ = g
(124,4)s, 5, 9(17210), 9N 3, 2, 71 8, 5,07, 5, 2, 3L, 300 (22y —"gu,
(17, 8,2,2,2(8)2(1)2, 6, 33, 99D 14,47, 2,12, 3, 4, 7106, 5, 3, S+ (Yo
(107, 8,3, 5, 2¢1) 10400917, 3, 8, 54D 207D, 11, 7,012, 40 oo ! 7

(10D, &9, 7, 2, 4,800 11,480,135, 709, 2, 3, 6.0 3415, 8K, oo 7
2,2,7,94, 203, 2M 3,0 2, 2D, 2,030 10, 75,02, 6, 3, 2, 7/ 4020 ?
6,0 4CT) 4) 10,048, 2, 2,02,D, 5, 6, 2,%) 3,0 5,474, 3, 2,5, 3, 3T 10, (OO

3,04, 900 3, 3, 42d) 2, 2, 15,015, 7, 4, 2,03, LB DB D
\y5, 8,UXD 2002, 4, 32, 3, 12, 2, 3,010, 2, 5, 19,04, 4, 3,D3(R
6,740, 2.7,94.7, 4, 28] 4,02, 2D, 2,112, 2, 1,24, 2.2, 1,
1,61,1,52211,1,10,1,19,1,3,1,1,1,61,161,1,7,1,4,5 15
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Taking the termwise limit n — 0o and using limy_,o N sin(x/N) = x for N = 2"
and x = (2k 4 1)7/2 yields the series
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Now taking the limit termwise requires some care, as the example 1 = 1/2 + : ¢
1/2=1/44+1/4+1/44+1/4=... 5 0+4+0+0--- =0 shows. In the above case ~ °
(4) — (5) itis justified because the kth term in the sum (4) is bounded by 2/(2k +1)* S |
(independently of n) since sinx > 2x/m holds for 0 < x < 7/2. iy -r\\\
o
The argument in the last step (i.e., interchanging limit and summation) is known X ] /?3\,
as Tannery’s Theorem (see [16, p. 292], [S], or [4]); we present it in an appendix atf 3- | '7}\.
the end of this Note. It is instructive here to check that (and why) the termwise limif o 3\'\
(3) — (5) fails. Q,Q.
Use of Tannery’s Theorem can be avoided by the following elementary argu- __1 L.
ment: Sum the inequalities sin?x > x2 > cot?x = sin2x — 1 (which follow from 5
sinx < x <tanx for0 < x < mw/2)forx = 2k + 1)x/(2N) withk =0,..., N/2— | Q\ﬁ'
1. Then (4) implies § Mg ? 1
N ]
8 N/2-1 1 x} $ Y
_ZZZk 12>1_ﬁ’ S—-FL‘P
e el N w
for N = 2", and hence (5) ™ ! §
g D
2. RELATED PROOFS. The proof in Section 1 was inspired by two related proofs \~> Y
(# 9 and # 10) among the 14 proofs of Euler’s identity (1) collected by Chapman [6], + \
and the identity N
& lU\ Nl
N-1 |3 3 |
) I ON . |t
Lo G G IR
: . . Ny Y
which I encountered 25 years ago as a mathematics olympiad problem [2]. A proof ? 0 |
for (6) for general N is in Section 3. These two related proofs use instead the identities % |
= Tk
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104 W. C. Chu

where e, (n) is the mth ele

mentary symmetric function in {1,1/2,...,1/n}.
Its specification,

fors=m=1,leads us toa strange summation formula
1 1
1_11.2_2. =i(_1)n 1+E++F-T-T
2 n+2
n=0
due to De Doelder 4, Eq. 25].

This method works for most,
With the notation from Slater
(unilateral and bilateral) read as

of the hypergeometric summation theorems.
(7], the generalized hypergeometric series

uﬂ:uh'--lup_ _ o (ﬂ'ﬁ}ﬂ(ul)ﬂ“'(u )n n
02) 1| vl,...,vq""}‘gn W0 G

(0.2b) qu[ul’u2""‘””-z]= i (u1)n (ug)n . .. (up)

'
U[,?J2,...1Uq

n zn
ne—po (W1)n (U2)n ... (tg)n
where the shifted factorial is defined, for a complex number w, by

w(w+1]...(w+n~—1), TS
(w)n:

1, n =0,
(w—l)(w—z}...(w+n), n=-1,-2...

On the one hand, the hypergeometric series may be expressed in terms of the
partial sums of the Riemann zeta function through the symmettic fuictions
generated by finite products (cf. [6]) S

ki 2
(032) [ +2/k)=1+2H, + %(H§~H:}+...,
k=1
b 2
(03b)  J[(-2/k)" =14 28, + %(Hﬁ LB 4+,
k=1
< y ¥
(03) ] (1+§k—_1) =Ll = O e,y
k=1
n y =1 yg 3
- L " )
(0.3d) kl:[l (1* m) —1:y0n+ 5 (O +00)+...,
whose first two terms Q [’l
% 15 n 1
(04a) Bemdep s o
k=1 [ ) k=1
n 1 T n 1
"
('U.4b) H;: = Z E: On = Z (2k = 1)2
k=1 k=1

are closely related to the harmonic numbers.



/ /ﬁo“/ :9../

) Bosk A
; / F :’
Chapter 1 ""F 'J}/;M '(&DN
Introduction: the Euler—Gauss Jf A
Hypergeometric Function E e A \lo cg;
~ 4 el

|

|
I4
(.I"‘ﬂ"



BO BORWEIN AND BORWEIN

Nenl suppose thal
mkl L
az Y lal+ 3 1ol
™ Tl

and let ¢ lie between O and d,.4,. Then, by (7). we have

jw (ﬁ &‘:‘ﬂ) (]:'"I‘:m‘I 7 '}) m(”]sini[url di s % - -

L=l Tl

Now infezrale (8) with respect 1o ! Trom O 10 dgy 10 22l

o (2 cinfey 1) L sinfar)
-[ ('l] - )(Hcm[:,t}) - i =

=i

] =

Ll
]-[-.u. ]
A=

ldentities (7) and (9) show that if the theorem holds for a pair of integers ni, m with
=1, m = 0. then it also holds for the pairs n, m + 1 and # + 1. m. Since it holds for
n =1, m =0, the proof is completed by induction. 5]

Kemvirks 2. Parts of our previous theorems do. of course, overlap with Theorem <. but
this latter theorem does not deal with cases where the identity in (4) fails. whereas the other

theorems do. Thus. for example. [; e '
Foaie. J.; ;/L 7
ol "f )

-

ERENE

[ 1) i Y , 7
yet J./!
ﬁ‘_ Ie “mslncl,tjsinc(i)-~-smc(é)u'l / > P/ l/;)/w.hd

_A6TE0792471 3H073869653 TBHH6Y (10) !

P | A

= 9356158493406409073 10521750000

and this fraction in (10), in accord with Corollary |, is approximately equal to
0499999990902 646, When Ihis fact was recenily verified by a researcher using a computer
algebra package. he concluded that there must be a "bug™ in the software. Not so. In the
above example. § + 1 +---+ 75 < |.but with the addition of ;. the sum exceeds | and the
identity no longer holds. This is a somewhat cautionary example for too enthusiastically
inferring patterns from symbolic or numerical computation.
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